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Abstract--Energy absorption of a conical cavity truncated by a spherical cap subject to a focused beam is 
systematically and quantitatively investigated. The incident flux on any transverse cross-section has a 
Gaussian distribution, which is specified by the convergence angle, energy distribution parameter at the 
focal spot, and focal spot location relative to the workpiece surface. Absorption and scattering within the 
plasma in the cavity are assumed to be negligible. By accounting for specular and diffuse reflections the 
results show the effects of the spherical cap and cone angles of the cavity, locations and sizes of the focal 
spot, and convergence angles of the energy-beam on absorption. Asymptotic results agree with available 
solutions of simple models. An explanation for the occurrence of spiking in welding is also proposed. 

~) 1997 Elsevier Science Ltd. All rights reserved. 

1. INTRODUCTION 

A deep and narrow vapor-filled cavity can be readily 
produced by using a focused high-intensity plasma 
arc, laser or electron beam [1, 2] in welding, drilling 
and cutting. The intensity of the beam is practically 
achieved by adjusting the focus current in an electron 
beam welder, as well as the distance between the 
energy source and surface of the workpiece. Focusing 
characteristics have been shown to have a strong 
influence on welding. Konkol et al. [3] observed that 
as the focal spot of an electron-beam was lowered 
from above the workpiece surface to below the 
surface, vertical cross-sections were changed from 
convex to parallel-sided to V-shaped. Spiking which 
refers to non-uniformity in depth or spacing was pro- 
nounced at the bottom of V-shaped fusion zones. 
Intensity of the incident flux was a cause of spiking, 
as investigated by Armstrong [4] and Giedt [5]. The 
focal spot location is also responsible for shrinkage 
cavities and the abnormally expanded fusion zone at 
the middle portion of deep penetration, as proposed 
and observed by Schiller et al. [6] and Irie et  al. [7], 
respectively. 

In realistic welding and drilling two important fac- 
tors should be taken into account, namely the beam 
focusing characteristics and reflections of the cavity 
wall. Adams [8, 9] observed that the maximum joint 
penetration was achieved with the beam focused about 
2.54 cm below the surface of a stainless steel in low- 
and high-voltage electron-beam welding. The sen- 
sitivity of the depth/width ratio increased with dis- 
tance from the focus coil to the workpiece. These 
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trends are consistent with results presented by Engqu- 
ist [10], who emphasized that a small error in the focus 
current can result in a significant change in the focal 
spot location and that it is was best to operate at the 
shortest possible focus coil-to-workpiece distance. 

Wei and Chow [11] theoretically verified the effects 
of beam focusing characteristics including the con- 
vergence angle, energy distribution parameter at the 
focal spot and location of the focal spot from the 
workpiece surface in high-power-density-beam weld- 
ing. It was found that adjusting the focal spot at the 
workpiece surface is necessary to produce a uniform 
depth of the cavity or fusion zone. Irrespective of the 
convergence angle, the depth of the cavity is then 
determined by the energy distribution parameter at 
the workpiece surface. The abnormally expanded 
fusion zone, however, was not obtained. This defect 
may result from specular reflections of the incident 
flux. 

The significant effect of reflections on high-intensity 
beam drilling was experimentally examined by Arata 
[12] by heating two acrylic plates separated by differ- 
ent distances. Cavities were produced in both the top 
and bottom workpieces. In view of energy reflections 
by walls, an increase in the gap between workpieces 
resulted in the opening diameter of the cavity in the 
bottom workpiece being much larger than the cavity 
diameter at the bottom surface of the top workpiece. 

The distribution of energy absorbed by the cavity 
where reflections are accounted for is quite different 
from the incident flux. Assuming that absorption 
within the ionized vapor or plasma is negligible and 
using a Monte-Carlo method [13]-[16] Wang and Wei 
[17] found that energy absorbed by the cavity of a 
paraboloid of revolution subject to a collimated par- 
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NOMENCLATURE 

dA elemental area on cavity wall, as 
illustrated in Fig. 2 

An cross-sectional area of beam, defined 
by equation (3) 

f focal spot location = J~/~0, as shown in 
Fig. 2 

dF  differential view factor 
g function defined by equation (9) 
h cavity depth, fT/~0, as shown in Fig. 2 
q incident flux = ~f02/Q, as defined in 

equation (1) 
0 beam power 
qw dimensionless energy flux absorbed by 

cavity wall, #wf02/0 
r radial coordinate, ~/~0 
rc spherical cap radius 
rf focal spot size, ~f/r0, as shown in Fig. 2 
rp radius of curvature for spherical cap 
~o dimensional cavity opening radius 
rs critical radius 
s distance, as shown in Fig. 2 
So r f / tanf l+sign(f+h)( f+h)  
W diffuse radiosity 
z vertical coordinate, z = ~/~0, as shown 

in Fig. 2. 

Greek symbols 
ct absorptivity 
fl half convergence angle 
fl' incident angle 
r/ surface coordinate, as illustrated in 

Fig. 2 
0 angle, as illustrated in Fig. 3 
Pd, Ps diffuse and specular reflectivity 
~b half cone angle, as illustrated in Fig. 2 

angle, as illustrated in Fig. 2 
09 azimuth angle, as illustrated in Fig. 2. 

Superscript 
A dimensional quantity. 

Subscripts 
i, j emitting and receiving point 
jn the first striking point of n times 

specular reflections received at point 

J 
m, n ruth and nth striking point 
t total 
0 point source or cavity opening 
1, 2 the first and second striking point. 

allel beam of Gaussian and uniform distributions 
exhibits distinct regions determined by dimensionless 
radii rs. When radii are smaller than this critical radius 
the wall is irradiated primarily by a direct incident 
energy-beam, after the first specular reflection energy 
rays have escaped to the surroundings. In the other 
region where the radii are greater than the critical 
radius, the wall experiences the first specularly 
reflected rays from itself in addition to the direct inci- 
dent energy. A jump in absorption which can be a 
hundred times the incident flux therefore occurs near 
the critical radius. 

This work is an extension of the study reported by 
Wang and Wei [1 7]. The cavity, however, is considered 
to be a cone truncated by a spherical cap. Not only 
specular and diffuse reflections by the wall but also 
the beam focusing characteristics are accounted for. 
A more relevant energy transport to the workpieces is 
therefore determined. 

2. SYSTEM MODEL AND ANALYSIS 

As illustrated in Fig. 1, a focused incident flux on a 
conical cavity truncated by a spherical cap is partially 
absorbed and the remainder specularly and diffusely 
reflected. The half angle of the conical cavity is ¢, 
while the radius of the spherical cap is re, as shown in 
Fig. 2. The displacement of the focal spot from the 
workpiece surface is denoted by f being positive if 

above the surface and negative if below. The size of 
the focal spot and convergence angle are rf and 2fl, 
respectively. The incident flux with the focal spot 
above the cavity base can be considered as emitted 
by a virtual point source. When the focal spot lies 
below the cavity base the energy is emitted by an 
imaged point source. The sources are located at 
r0 = s ign(f+ h)[s0- %(1 -cos~b) s ign(f+h)]k where 
the function sign(f  +h)  = (f+h)/[f+hl -- + 1 or - 1 
denotes a focal spot lying above or below the cavity 
base, respectively. The primary assumptions made are 
the following : 

(1) The incident flux has a Gaussian distribution 
at any transverse cross-section. This was confirmed 
by Hicken e t al. [18] by measuring distributions of the 
incident flux at vertical distances within about 0.635 
cm from the focal spot of an electron-beam. As for a 
laser-beam the Gaussian distribution is valid for the 
spatially coherent TEM0o model. 

(2) The cavity is idealized by a conical cone trunc- 
ated by a spherical cap to a first approximation. In 
reality, the cavity can be a cone, paraboloid of revol- 
ution, or other irregular geometries during welding 
or drilling. It also becomes slightly asymmetric in a 
moving heat source [19]. The cavity, however, was 
roughly observed to be approximately conical and 
truncated by a spherical cap near the cavity base [20]. 

(3) The cavity is considered to be stationary even 
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Fig. 1. Sketch indicating energy absorbed and reflected specularly and diffusely in a conical cavity with a 
spherical cap produced by a focused beam. 
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though drilling and welding are unsteady. This is 
because the time scale for energy redistribution can 
be estimated to be around 10 ~°s, which is much smal- 
ler than 10 3 s for drilling a cavity, as measured by 
yon Allmen [21] and Miyazaki [22]. 

(4) The cavity is a specular and diffuse reflector. In 
reality, the cavity wall is not smooth. In order to 
simplify the problem without loss of generality, the 
surface is modeled by choosing appropriate values of 
specular and diffuse reflectivities. Radiative properties 
are independent of direction and wavelength of the 
incident energy-beam. 

(5) Absorption within the plasma in the cavity is 
ignored. Temperatures and concentrations of elec- 
trons in iron plasmas during deep welding with a 
continuous CO2 laser were measured by Poueyo-Ver- 
waerde et al. [23] and Collur and DebRoy [24] for 
temperature as high as 7000K and densities up to 
9 x 1023 particles/m 3. The absorption length due to 
electron-neutral interactions for these conditions is 
0.25 m while that resulting from electron-ionized iron 
is 0.03 m. As a consequence, 80% + 10% of a beam 
power of 15 kW and 92%_+5% of 1 kW beam power 
are transmitted. Lengths of inverse Brehmstrahlung 
absorption [25] were similarly found to be 1 m for 
plasmas of a luminum and ti tanium irradiated by a 
continuous CO_, laser [26] and pulsed YAG laser [27], 
respectively. 

(6) Radiation in the plasma is neglected. Shui et al. 
[26] calculated emission from a layer of vapor over 
aluminum. Emission due to free-bound transitions, 
which are dominant  in plasmas, was less than 5 x 10 ~ 
W m -2 for temperatures below 10 000K and vapor 
densities around 1025 particle/m 3. Radiation from the 
plasma thus is only of the order of 1% of the incident 
flux. 

(7) Scattering between the incident flux and ultra 
fine particles resulting from aggregates formed from 
the vapor or blown off the liquid layer at the cavity 
wall is neglected. Energy losses due to Rayleigh scat- 
tering are inversely proportional to the fourth power 
of wavelength of the incident flux [27]. Matsunawa 
and Ohnawa [27] and Matsunawa et al. [28] also 
experimentally confirmed a great reduction of the 
scattered intensity at lower ambient pressure. Since 
the average size of particles was around 10 -9 m (and 
decreased with the ambient pressure) [27, 28] and the 
temperature was low, at tenuation due to Rayleigh 
scattering for a YAG or CO2 laser is less than inverse 
bremsstrahlung absorption. The Mie scattering can 
also be ignored because energy losses are dependent 
on the sixth power of the size of particles [29]. A 
typical value of the absorption length due to the Mie 
scattering was around 0.01 m, as estimated by Miya- 
moto et al. [30]. In general, the plasma can be con- 
sidered as a transparent medium under working con- 
ditions such as produced by an electron-beam heat 
source [29], an energy-beam with a short wavelength 
(e.g. Nd : YAG laser), low surrounding pressure, and 
vapor having a low ionization threshold. 

(8) The effects of the refraction on the energy-beam 
are ignored. Although this is relevant for a Nd : YAG 
laser, it is negligible since the refractive index decreases 
with 22 [23]. 

2. I. Radiant exchange equation 
With the above assumptions, irradiation on the cav- 

ity wall at a given angle fl~ is 

-- Pd {q, COS [~j -- fl~- sign(./+ h)] W(fl~) 

f W(~;) dF~dAi dA), + 

+ 7_, p;'qj,,cos[Op,-fl},sign(f+h)] (1) 
dA, j n =  I 

where the first term on the right-hand side represents 
the radiation directly arriving at dAj from outside the 
cavity through its opening, the integral term gives 
the diffuse irradiation received by dA~ from the entire 
surface of the cavity, and the summation term is the 
energy received by the element dAj which has under- 
gone only specular reflections on the cavity surface 
before reaching dA i. 

2.2. Focused incident f lux 
The focused incident flux of a Gaussian distribution 

is represented by 

where the area of any transverse cross-section of the 
beam is expressed by 

A,, = 2~s2(1-cosf l ) .  (3) 

In equation (3) the distance between the point source 
and striking point of the incident ray on the cavity 
wall is (see Fig. 2) 

/ [,% - [rp(l - cos coj) + zj] s i gn ( f+  h) } 2 
S((Dj, 2/) + (rp sin ~oi+z , tan 05) 2 

(4) 

where the vertical coordinate z is set to be zero for the 
incident energy ray impinging on the spherical cap, 
while the angle o~/= 90 ° -  05 on the conical wall. The 
incident angle in equation (2) is 

/U~, zj) 

{ rP sin e)i+z" tan 05 t = tan ~ . (5) 
so -- [rp(1 --cos ooi) + ZJ] sign(./'+ h) 

The inclination angles of the wall (see Fig. 2) in equa- 
tion (1) are 
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2.3. The total view factor 
The differential view factor between two parallel 

rings on the cavity wall, as illustrated in Fig. 3, is [31] 

dAj cos q~ 
dFdA-dAj = 

8nr~ ( c°sck+ zj ] 

x(2sin~i+rpT-7-. [ ] (7) 
cz ao I:,,,,,, J 

or 

dFdA,_ dAi 
dAi cos q~ 

8nr~ ( c°sdp+ ~tan~sine~irp / 

. (~:g 
x 2 s l n o - b + r p ~ ]  

where the function 9 is given by 

g(~o, z) = + cos ~ -  sin + 

(cos q5 + ~tan ~bf + sin: ~]  2 

- [2 sin ~0 (cos tk + ~ tan ~b)]2 } 1/:- 

Using the law of coplanarity and the law of reflection 
a relationship between the originating, reflecting, and 
receiving points on the wall yields 

'J I(sinOgm+Zmcosd?l(sinOJm+~pp tan(b J 

--(  sin~°m ~+z'-~tanc~)( s i n c ° m + z ' c ° s c ~ ) r p  rp 

• CoS(Om--Om--1)-~-( cOs(j)m-[- 2m sin ~ ) r p  

+-mtanq~ - 2  sine~ j+ tan 
rp rp 

"( sin°)m + Zm tan c~) cOS(Om - ') 

( Zm 1 Zm~21 
~- COS (2) m - -  COS (/)m 1 -~- rp rp / A 

(6) 

= [(sin ~Om + ~COS ~b) (sin mm + ~ tan  ~b) 

-- (sin O~m+ 1 + Zm+ I tan q~) (sin ~°m + ~-p c°sq~ ) r p  

" cos( O,.+ l - Om) + (cos ~o~ + ~ sin $ ) 

• COS(DIn--COS (Din+ i -~- Zm+l 
rp 

Y( ) + Zm+m tan~b --2 sine).,+~ + zm+t tanq5 
rp rp 

(8) " (sin ~°" + t '  tan dp)c°s(Om+ ' - O') 

"3v(COS(Dm--COS(Dm+l-~ Zm+--] Ztr~2] 1~2 (10) 
rp rp / j 

and for an axisymmetric case [32] 

0 , ~ + t - 0 m  = 0 , ~ - - 0 m _ j  = A 0 .  ( 1 1 )  

Equations (10) and (11) involve different relationships 
for locations of the originating, reflecting, and receiv- 
ing points on the cone and spherical cap. They are (a) 

(9) cone--cone-cone; (b) cone-cone-cap; (c) cone-cap- 
cone ; (d) cone-cap-cap ; (e) cap-cone-cone ; (f) c a p  
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cone-cap ; (g) c a p - c a p ,  one ; (h) cap~ap-cap .  Cases 
(a) and (h) are specially considered below. 

2.3.1. Specular reflections in cone-cone-cone. When 
any three points on the conical wall have the same 
angles 09,, 1 = (/)m = ( J ) m + l  = 90 ° -  q~, where m >~ 2. 
Equation (10) then reduces to 

[ l - c o s ( 0 , , _ , - 0 ~ ) ]  { 1 + (  'r/m--I/r/" ~2 

2q,. 
q~ cos(O,._ 1 - 0,.) + cos 2 ¢~)1l- 

1/2 
[sin 2 

r / m - -  I ) 

= [ 1 - c o s ( 0 , , + l - 0 ~ ) ]  {1 + kr/m+ll( r/m ~2 

2r/~ [sin 2 ~b cos(0~+ ~ - 0~) + cos 2 q~)]}-~/2 
? ] m +  I 

(12) 

where the surface coordinate r/is satisfied by 

r/sin ~b = rpCOSO+ztanO. (13) 

A substitution of equation (11) into equation (12) 
gives 

r/_~__~ + r/m = 2 - 2 ( 1 - c o s A 0 )  sin 2 ~b - K 
r/m+ t r/m_ 1 

(14) 

where A0 = 180 ° due to the axisymmetric system. 
Combining all equations for m = 2, . . . ,  n - 1 ,  a 
relationship between points 1, 2, and n is found [32] 

C n - l r/ l r/ n 
n >~ 2. (15) r12 C~ 2r/, +r/1 

The coefficients in equation (15) are 

s = t 

' ( -1 ) '  ""-'-~'l-I C, = ,~o~?--.tr~ ~=1 [n--(t+s)] (16) 

where I is the integer part of  ( n -  1)/2. 
2.3.2. Specular reflections in cap-cap-cap. For any 

three points on the spherical cap, Zm 1 = 
Z,, = Z~+I = 0, m /> 2. Equations (10) and (11) then 
give Ogm+ 1 --~Om = Og~--~Om 1, which leads to 

(3) n --(D I 
~o2 = o~1 + - - ,  n>~2. (17) 

n - - I  

Substituting equations (15), (17) and (10) into equa- 
tion (8) the total view factor for other cases can be 
determined [32]. 

2.4. Specular reflection 
Specular reflections of an energy ray emitted from 

the virtual or imaged point source are governed by 
the laws of coplanarity and reflection. That  is, 

( r o - r l )  s ign( f+h)"  nl ( r 2 - r l ) ' n l  
(18) 

] ( r 0 - - r l ) s i g n ( f + h ) ' n j [  = [ r 2 - r l l  

where r0, r~ and r2 are position vectors of the point 
source, the first and second striking points, respec- 
tively. The polar angles for axisymmetric case are 
satisfied by 

0 2 - 0 t  = 01 -0o .  (19) 

Equations (18) and (19) are used to eliminate the 
location of point 2 between the relationship of points 
1, 2, n, as obtained from equations (I0) and (11), 
therefore the relationship between points 1 and n is 
found. As the location of the receiving point n is 
known fl~n, ~j,, q/~, and dAj,/dA i are evaluated. 

2.5. Special cases 
Two special cases are presented as follows. 
2.5.1. Conical cavity. Substituting radius rp = 0 

into equations (2)-(5), the incident flux of a focused 
Gaussian distribution on the conical cavity becomes 

qi = 
2zt(1 - cos fl) { (ZJ tan ~) 2 + [So - z s s ign ( f+  h)] 2 } 

zj tan ~b 
exp{-3[~tan-~so_zisign(f+h)-]2}. (20) 

Replacing o9, r o cos q~, and rp COS q~ q- ,7 tan ~b in equa- 
tion (8) by 90 ° -  ~b, r/j sin ~b, and t/i sin q~, respectively, 
gives a view factor between two parallel rings on the 
conical cavity as 

COS 2 ~b 
dFdAi d '4 i  = 2qj sin ~b 

1 Ir/j Z rhl [(r/i - qj)~ + 6r/?/~ s in~  ~b]] j 
(21) 

[(r/i__q/)2 +4q,qj sin 2 ~]3/2 f Qr/i' 

Replacing the coordinate r h in equation (21) by r/2 
from equation (15), a relationship between rh, r/,, and 
r b is obtained. Furthermore, when r b and rb are sub- 
stituted for r/i and r/,, respectively, the total view factor 
from equation (21) leads to 

f -  

COS2(~ ~ n--2 < --  C n - l r / i  1 
dFtdA, dA,), = 2sin~bn_~2 p 1 Cn-2~b+r/i 

L 

C. 2r/i+r/j 1 + C._2rb+r/j 

[_kC~_2r/i+qj C.-2rh+ r/s J 

C,_ I rb dr/i. (22) 
(C, 2~/i + rb) 2 

Using equation (18) and (19) the first and second 
striking points of energy rays emitted from the point 
source are 
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rl2 = D(rh)~ h 

where the function D is 

(23) 

D(r/,) = -- 1 + 2 c o s  2 ¢ 

f 

~I(1 _2c0s2  ~b)2 1 +4c0s2  ~b ~(rh s i n ~ )  2 
_ t ' , ,  So / 

~(q,  sin ¢/2  
l - 4 c o s  zt;b ( \  So / 

(24) 

Substituting equation (24) into equation (15) leads to 

I t ° ,  - c . _2D(n , ) ] . .  
n >i 2. (25) r/1 = D(r/i) ' 

Equation (25) indicates that  qj representing the first 
impinging point of energy rays emitted from the point 
source that  arrives at ~/. with n intervening specular 
reflections can be determined by fixing r/. so that  qj., 
~ . , / /~ .  and dAj. relevant to r h are found. ~j and ~Oj. 
are 90 ° -  4~ for cone. 

Fo r  a coll imated incident flux (//--, 0) the relation- 
ship between the locations of the striking point after 
the first specular reflection by using equation (25) 
becomes 

r I 
r2 . (26) 

4 cos 2 4) - 1 

2.5.2. Hemispherical cavity. Setting z = 0 in equa- 
tions (4) and (5) the focused incident flux of a Gaus- 
sian distribution yields 

3 
qi = 

27r (1 - cos fl) { (rp sin co j) 2 

+ [so - rp (1 - cos  ~j )  sign ( f +  h)] 2 } 

. e x p { _ 3 I ~ t a n  ~ rpsino~L 12~ 
So - ro(1 - c o s  ~oj) s ign ( f+  h)J J" 

(27) 

Using equations (4)-(6) the inclination angle of  the 
wall becomes 

~O, = s in - '  { ~  

• ~ p p  sin ~o/) 2 + [so - r p ( l  - c o s  o~/) s ign ( f+  h)] 2 

s nltanl r sin  1} 
so-rp(1-coseg f l s ign( f+h)  " (28) 

The view factor between a ring element in the hemi- 
sphere and the point  source can be obtained by setting 
~b = 0 and z = 0 in equation (8) giving 

d A i  
dFdA -aA, = 4nr--~ " (29) 

Combining equations (17) and (29), as mentioned 
previously, in a conical cavity the total view factor for 
the hemisphere is given by [33] 

dAf ~ ~-2 
dflaA' dAi)t -- 4~zr~ ( n -  1) 2, n ~> 2. (30) 

Using equations (18) and (19) the relationship 
between the first and second striking points of  energy 
rays emitted from the point source is 

fO 2 + O ) ~  = 7 r - - 2 [ 0 )  l - / / ~ s i g n ( f + h ) ]  (31) 

and 

tan//;  - rp sin coj 
so_ro( l_cosco l ) s ign ( f+h) .  (32) 

By fixing the receiving point  o&, the angle co~ can be 
determined by substituting equations (31) and (32) 
into equation (17). As the angle/ / ;  is known, q,n, ~b/,,, 
//~,,, and dAj. can be found. 

2.6. Numerical method 
An iterative procedure to obtain energy absorpt ion 

is discussed as follows : 

(1) the dimensionless control  parameters,  Jl rf, //, 
¢, rc, Ps, and Pa are specified ; 

(2) the cavity wall is divided into ring elements ; 
(3) an initial diffuse radiosity W is guessed ; 
(4) the incident flux, diffuse irradiation,  and specu- 

lar reflection are evaluated from equations (2), (7) or 
(8), (10), (15) or (17), (18) and (19), respectively; 

(5) an improved Wis calculated from equation (1) ; 
(6) steps 4-5 are repeated until W converges. 

Convergence of energy absorbed was achieved for 
ring elements of 100, 150 and 200 within a relative 
deviation of 10 3. 

3. RESULTS AND DISCUSSION 

In this work, energy absorbed by the wall of  the 
cavity is governed by the following dimensionless con- 
trol parameters : the location ( f )  and the size (rr) of  the 
focal spot, the convergence angle (2//) of  the energy- 
beam, the cone angle (2q~) and cap radius (rc) of the 
cavity, specular reflectivity (Ps), and absorptivity (~). 
Given a convergence angle and focal spot location, 
the focal spot size is chosen to satisfy relevant values 
of  the dimensionless energy distribution parameter  of  
around 1-1.5 on the workpiece surface [11]. Typical 
values of  dimensionless parameters  are rc = 0.2, 
q~=30 °, f = 0 ,  r r =  1, f l = 0 . 1  (radian), P d = 0 . 2 ,  
Ps = 0.3 and c~ = 0.5. 

The accuracy of this work is supported by com- 
parison with a theoretical result for the energy 
absorbed by a hemispherical cavity subject to a col- 
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Fig. 4. Comparison of dimensionless absorbed energy per 
unit area of a hemispherical cavity wall irradiated by col- 
limated uniform beam between this work and analytical 

result [33]. 

limated uniform energy-beam [33]. In Fig. 4, the 
abscissa and ordinate represent the dimensionless rad- 
ial coordinate and energy flux absorbed by a unit area 
of  the cavity wall, respectively. It is seen that good 
agreement is achieved. The incident flux per unit area 
of the cavity opening is also plotted for comparison. 

It is crucial to investigate an asymptotic case s o >> 1 
or fl-~ 0 governed by equation (26) which is valid 
for rc ~< rl ~< I and rc ~< r2 ~< 1. This indicates that a 
decrease in the cone angle or increase in the cavity 
depth results in the striking points of  energy rays after 
the first specular reflections to be lower in the cavity. 
Substituting radius rt = 1 into equation (26) the 
radius of  the striking point r 2 ~ 1/(4 cos ~ ~b-1) - rs. 
For  a half cone angle equal to or greater than 60 ~, 
the critical radius r~ ~ ~ or becomes negative, which 
indicates that no specular reflection impinges on the 
cavity wall. All energy rays after striking the cavity 
wall escape through the cavity opening to the sur- 
roundings, as illustrated in Fig. 5(a). A further 
decrease in half  cone angle to 45 ~< ~b ~< 60 '~ also 
causes incident rays in the region r~ > 4cos  2 ~b-1 to 
escape to the surroundings after the first specular 
reflections, as illustrated in Fig. 5(b). For  an incident 
ray between rc <~ r~ ~< 4 cos 24) - 1 energy rays after the 
first specular reflection strike the cavity wall on the 
other side at a higher location. All energy rays after 
the first specular reflections are directed upwards. As 
a result, the spherical cap does not  experience first 
specular reflections. 

For  a half cone angle in the range 0 ~< 4~ ~< 45 ° the 
first specular reflected rays of  incident fluxes between 
r~(4cos2qS--1) ~< r I ~< 1 and r~ ~< rl ~< rc(4cos2t~- 1) 
impinge on the conical wall and spherical cap, respec- 
tively. The reflected rays are in downward directions. 
Therefore, it is not possible for energy rays after the 
first specular reflections to impinge on locations with 
radii r2 > rs, as illustrated in Fig. 5(c). Multiple specu- 
lar reflections from direct incident rays and reflected 
rays take place in the spherical cap. A large radius of  
the curvature for the spherical cap also increases the 

(a) 

I 

I 

(b) 

(c) 
Fig. 5. Sketch indicating the first specular reflection on cavity 
of (a) large cone angle; (b) intermediate cone angle; (c) 

small cone angle. 

number of  specular reflections. Energy rays after the 
first specular reflections cannot reach the bottom of 
the spherical cap if the following relation 

'[ ~b >~ ~ 90 ° -- 2 sign(./'+ h) t an-  ' 

rc 1 (33) 
so - (rp - ~p2 ~ r  2) s i gn ( /+  h) 

which is obtained from equations (18) and (19), is 
satisfied. 

The effects of  the cone angle on energy absorption 
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are shown in Fig. 6. It can be seen that for the half 
cone angle q~ = 50 ° energy absorbed near the cavity 
base is low. This is attributed to upward directions of 
energy rays after the first specular reflections by the 
conical wall. A slight increase of absorption exists at a 
radius of 0.332 because the second specular reflections 
take place for r2 > rd(4cos2~b- l )  (see Fig. 5(b)). 
Even though the half cone angle is 36 ° , in which the 
first specular reflections are downward, energy 
absorbed near the axisymmetric axis is low. This is 
because energy rays after the first specular reflections 
cannot impinge on the spherical cap for r2 < 0.1 (see 
Fig. 5(c)). A jump at r equal to 0.1 and a drop at 
0.2 results from receiving energy rays after the first 
specular reflections and having distinct curvatures 
between the conical wall and spherical cap, respec- 
tively. A significant increase in absorption near the 
axisymmetric axis occurs for half cone angles of 10 
and 30 ° . This is because the entire spherical cap can 
receive energy rays after the first specular reflections. 
Absorption for the half cone angle of 10 ° is higher 
than that of 30 °. The reason for this is that a large 
cone angle indicates a shallow cavity and an increase 
in intensity of incident fluxes on the wall. 

Energy absorbed for different radii of spherical caps 
is shown in Fig. 7. For  a conical cavity having a 
zero radius of the spherical cap, the energy absorbed 
exhibits a decrease near the axisymmetric axis and at 
a radius of 0.5, respectively. Substituting a half cone 
angle ~b = 30 ° and rl = 1 into equation (26) gives 
r 2 = 0.5. Therefore, the region for radii greater than 
0.5 does not experience energy rays after the first 
specular reflection. The decrease in absorption near 
the axisymmetric axis is a result of a reduction in 
diffuse reflection. As the spherical cap increases in 
radius absorption increases rapidly near the axi- 
symmetric axis or spherical cap. The increase of 
absorption in the spherical cap is attributed to not 
only direct irradiation of incident rays and their specu- 
lar reflections, but also all irradiation in the range 
rc ~< r ~< rc(4cos2 ~b - 1) after the first specular reflec- 
tion, and multiple reflections from other regions of 

the cavity wall (see Fig. 5(c)). For  rc = 0.1, 0.2 and 
0.4 drops at radii r = 0.1,0.2 and 0.4, respectively, are 
evidently due to distinct curvatures at the intersections 
of the conical surface and spherical cap. 

During welding a shaped cavity can be produced. 
This study finds that as the cavity becomes sharper 
energy absorption near the cavity base is reduced. In 
view of surface tension the free surface of the cavity 
base becomes spherical. Absorption near the base thus 
increases and induces a V-shaped cavity again. The 
process is repeated and spiking results. Konkol et  al. 

[3] observed that spiking always occurred with a V- 
shaped cavity. 

Figure 8 shows that the effect of focal location on 
energy absorption. Dimensionless focal locations of 0 
and 5 represent the focal spot lying above the cavity 
base having a dimensionless depth of 1.5. The incident 
fluxes can be considered as emitted from virtual point 
sources with dimensionless distances so = 11.5 and 
16.5, respectively. As a result, the intensity of  the 
incident flux and absorbed energy for the latter are 
smaller than the former, For  a focal location of - 3  
the focal spot is below the cavity base. The incident 
flux can be considered as emitted from an imaged 

4.0 

3.0 

O-2.O 

1.0 

0.0 
0.0 

f = 5 
- - -  f = 0 
. . . . . . .  f = - 5  

o.'2 o?s '0.'8 
r- 

Fig. 8. Distribution of dimensionless absorbed energy per 
unit area of the cavity wall for different focal locations. 
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point source below the cavity base. Absorption near 
the cavity base therefore is enhanced due to not only 
a decrease in the distance between the cavity base and 
imaged point source, but also the downward direction 
of energy rays after their first specular reflections. The 
focusing effect therefore is more pronounced for the 
focal spot below the cavity base. In view of a change 
in the focal location from above (or below) to below 
(or above) the cavity base results indicate that spiking 
readily occurs. 

The effect of the focal spot size on energy absorption 
is presented in Fig. 9. A large size of the focal spot 
implies a large distance between the virtual or imaged 
point source and cavity base. As a consequence, inten- 
sity of irradiation on the cavity wall is reduced. A 
small convergence angle induces high intensity energy 
ray. As a result, absorption is enhanced, as shown in 
Fig. 10. 

Distributions of energy absorbed by cavity walls 
for different specular or diffuse reflectivities are shown 
in Fig. 11. It can be seen that a large specular reflec- 
tivity enhances energy absorption near the axisym- 
metric axis and slightly increases the jump at r: 

5.0 
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0- 

2.0 

- -  9 - - . 2  
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Fig. 10. Distribution of dimensionless absorbed energy per 
unit area of the cavity wall for different half convergence 

angles. 

(= 0.5). Furthermore, the absorbed energy flux for 
p~ = 0.1 is higher than that of p~ = 0.4 in the regions 
0.14 < r < 0.2 and r > r~. This is because of diffuse 
irradiation. 

4 .  C O N C L U S I O N S  

The following conclusions are drawn : 

(1) Energy absorbed by a conical cavity truncated 
by a spherical cap exhibits different behavior for 
different cone angles. For a large half cone angle (e.g. 
q5 >/60 °,/3 ~ 0) or a shallow cavity energy absorption 
is uniformly low. This is because all energy rays after 
the first specular reflections escape to the surround- 
ings. A decrease in the half cone angle (45 ° ~< ¢ ~< 60 °) 
slightly increases absorption near the cavity base. A 
slight jump as a result of receiving energy rays after 
the first specular reflections is seen. A further decrease 
in the cone angle, however, exhibits a jump and a 
drop from receiving energy rays after the first specular 
reflections and distinct curvatures between the conical 
wall and spherical cap, respectively. A rapid increase 
in absorption occurs near the axisymmetric axis or 
spherical cap for a small cone angle. 

(2) An increase in the radius of the spherical cap 
enhances energy absorption near the cavity base. The 
increase of absorption in the spherical cap is attributed 
to not only direct irradiation of incident rays and their 
specular reflections, but also all irradiation from the 
conical wall after the first specular reflection, and mul- 
tiple reflections from other regions of the cavity wall. 

(3) Energy absorption is enhanced as the focal spot 
approaches the cavity base in the downward direction. 
For the same distance between the focal spot and the 
cavity base, energy absorbed for the focal spot below 
the cavity base is higher than that above the cavity 
base near the axisymmetric axis. 

(4) Energy absorbed is reduced by increasing the 
convergence angle and focal spot size in the conical 
cavity with a spherical cap. 

(5) Spiking in welding is proposed to be the result 
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of  changes in ei ther the curvature  of  the cavity base, 
or the locat ion of  the focal spot  f rom the above (or 
below) to below (or above)  the cavity base. 
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